DUALS AND TRANSFORMS OF IDEALS IN PVMDS 



A. BENOBAID AND A. MIMOUNI 



Abstract. In this paper we study when the dual of a i-ideal in a PVMD is 
a ring? and we treat the question when it coincides with its endomorphism 
ring. We also study particular classes of overrings of PVMDs. Specially, 
we investigate the Nagata transform and the endomorphism ring of ideals 
in PVMDs in an attempt to establish analogues for well-known results on 
overrings of Priifer domains. 



1. Introduction 

Let R be an integral domain and K its quotient field. For a nonzero fractional 
ideals / and J of R, we define the fractional ideal (/ : J) = {x € K\xJ C /}. We 
denote {R : I) by and we call it the dual of / since it is isomorphic, as an R- 
module, to Homii{I, R). The Nagata transform (or ideal transform) of / is defined 
as T{I) — [J^^i{R '■ I") and the Kaplansky transform of / is defined as ^{I) = 
{ue K : ua'^^''^ £ R, a is an arbitrary element in I and7T.(a) some positive integer}. 
The zero cohomology of / over R is defined by R^ — 1J^]^(/" : /"). It is clear 
that {I : I) C Ri C T{I) C n{I) and (/ : /) C /-i C T{I) C Also we 

notice that 0(7) is a variant of the Nagata transform T{I), and useful in the case 
when / is not finitely generated, but if / is a finitely generated ideal of R, then 
ri(/) = T{I). It is worthwhile noting that T{I), (/ : /) and R^ are overrings 

of R for each ideal / in a domain R, while I^^ is not, in general, a ring. Moreover, 
(/ : /) is the largest subring of K in which / is an ideal and it is isomorphic to the 
endomorphism ring of /. 

In 1968, Brewer 3j proved a representation theorem for the Nagata transform 
T(/), when / is a finitely generated ideal (which coincides in this case with il(/)) 
and in 1974, Kaplansky [23] gave the complete description of the Kaplansky trans- 
form r2(/) for each ideal / in an integral domain R. He proved that "i/ I is a 
nonzero ideal of R, then f2(/) = P| Rp, where P varies over the set of prime 
ideals that do not contain /" (this result was also obtained independently by Hays 
[15]). In [131 Exercise 11, page 331] Gilmer described T{I) of an ideal / which is 
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contained in a finite number of minimal prime ideals in a Priifer domain R, specif- 
ically, "Zef R be a Priifer domain, I a nonzero ideal of R, {Pa} the set of minimal 
prime ideals of I , and {Mp\ the set of maximal ideals that do not contain I. Then 
T{I) C (Pl^Qcv) ^ iCl^Mp), where Qa is the unique prime ideal determined by 
fXiLi^^'RPc = QaRPa,- Moreover, if the set {Pa} is finite, equality holds" (see 
also [m Theorem 3.2.5]). In [TT], Fontana, Huckaba and Papick described some 
relations between the above overrings in the case of Priifer domains. For instance, 
they showed that "if P is a nonzero non-invertible prime ideal of a Priifer do- 
main R, then there is no proper overring between P^^ and f2(P)" ('11' Theorem 
3.3.7]). In 1986, Houston JTTj studied the divisorial prime ideals in PVMDs, and 
among others, he proved that "z/ P is a nonzero, non-t-maximal t-prime ideal 
of a PVMD R, then p-^ = Rp n Ct{I), where Ct{I) = Rur,, and 

I%Mf,£Maxt{R) 

T{P) ^ Rp^nCt{I), where Po ^ ir\„P"Rp)nR" (JS Proposition 1.1 and Propo- 
sition 1.5]). 

Many papers in the literature deal with the fractional ideal I^^. The main 
problem is to examine settings in which is a ring. In 1982, Huckaba and Pa- 
pick |19j stated the following: "Zet R be a Priifer domain, I a nonzero ideal of R, 
{Pa} the set of minimal prime ideals of I, and {M^} the set of maximal ideals 
that do not contain /. Then D (f^Rp^) H (p|i?Af^)- If is a ring, equality 
holds" ( |19[ Theorem 3.2 and Lemma 3.3]). They also proved that "/or a radical 
ideal I of a Priifer domain R, let {Pa} be the set of minimal prime ideals of I 
and assume that {~]Pa is irredundant. Then /"^ is a subring of K if and only if 
for each a. Pa is not invertible" ([El Theorem 3.8]). In [16], Heinzer and Papick 
gave a necessary and sufficient condition for I^^, when it is a ring, to collapse with 
(/ : /) for an ideal / in a Priifer domain with Noetherian spectrum . Namely, they 
proved that "/or a Priifer domain R with Spec{R) Noethrian, let I be a nonzero 
ideal of R and assume that is a ring. Then I^^ = {I : I) if and only if I — \/l 
(i.e. I is a radical ideal) if and only if the minimal prime ideals of I in (/ : /) are 
all maximal ideals" ([HI Theorem 2.5]). In 1993, Fontana, Huckaba, Papick and 
Roitman [12] studied the endomorphism ring of an ideal in a Priifer domain. One 
of their main results asserted that "/or a nonzero ideal I of a Priifer domain R, let 
{Qa} be the set of maximal prime ideals of Z{R,I) and {Mp} be the set of maxi- 
mal ideals that do not contain /. Then (I '■ I) ^ (H Rq^) H (P| Rmi))- Moreover, if 
R is a QR-domain, equality holds" ([121 Theorem 4.11 and Corollary 4.4]). Finally 
in 2000, Houston, Kabbaj, Lucas and Mimouni [18], gave several characterizations 
of when is a ring for a nonzero ideal / in an integrally closed domain. For 
instance they generalized [HI Theorem 4.11] to the PVMD^s case. Namely they 
proved that "if I is an ideal of a PVMD with no embedded primes, then is 
a ring if and only if I^^ ~ (I : I) ^ R<yi nCt{I), where 01 the complement in R of 
the set of zero divisors on R/P^ (,18, Theorem 4.7]). 
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The purpose of this paper is to continue the investigation of when the dual of 
an ideal in a PVMD is a ring and when it coincides with its cndomorphism ring. 
We also aim at giving a full description of the Nagata and Kaplansky transforms 
of ideals in a PVMD, seeking generalizations or ^-analogues of well-known results. 

In Section [21 we deal with the dual of a ideal in a PVMD. We give a gener- 
alization of the above mentioned results of Huckaba-Papick and Heinzer-Papick. 
Precisely, we prove that "/or a radical t-ideal I of a PVMD R, let {Pa} be the set 
of minimal prime ideals of I and assume that {^Pa is irredundant. Then I^^ is a 
subring of K if and only if Pa is not t-invertible for each a" fTheorem l2.3p . We 
Also prove that "i/i? is a PVMD with Spect{R) Noethrian, and I is a t-ideal of 
R such that is a ring, then I^^ = [I : I) if and only if I = \fl if and only if 
the minimal prime ideals of 1 in {I : I) are all t-maximal ideals^^ (Theorem 12. 5|) . 
In the particular case where i? is a Priifer domain we obtain the pre-mentioned 
results of Huckaba-Papick and Heinzer-Papick simply by remarking that a Priifer 
domain is just a PVMD in which the i-operation is trivial, that is, t = d. We close 
this section with a description of the cndomorphism ring of a i-ideal in a tQR- 
domain. Particularly we give a generalization of a well-known result by Fontana et 
al., [m CorroUary 4.4 and Theorem 4.11], that is, "let I he a t-ideal of a PVMD 
R, {Qa} be the set of all maximal prime ideals of Z{R,I) and {Mfs} be the set of 
t-maximal ideals of R that do not contain I. Then {I '■ I) D (f^Rq^) H (p|i?Af^), 
and if R is a tQR-domain then the equality holds" (Theorem 12. 13p . 

Section [3] deals with Kaplansky and Nagata transforms of an ideal in a PVMD. 
Our aim is to give the ^-analogues for many results of Fontana- Huckaba-Papick jTTl 
Section 3.3] for t-linked overrings of PVMDs. Our first main theorem generalizes 
[TTl Theorem 3.3.7] to the case of i-prime ideals in a PVMD. For instance we 
prove that "i/P is a non-t-invertible t-prime ideal of a PVMD R, then there is no 
proper overring between P^^ and f2(P)" (Theorem l3.2p . The second main theorem 
is a satisfactory t-analogue for TT, Theorem 3.3.10], that is, "let R be a PVMD 
and P a t-prime ideal of R. Then T{P) g Q.(P) if and only ifT(P) = RpD n{P) 
and n{P) ^ Rp. Moreover, {Pn{P))t, = n{P) if and only if VL{P) ^ Rp if and 
only if P = \fl for some t-invertible ideaT (Theorem 13. 6|) . Other applications of 
the obtained results are given. 

Throughout this paper R is an integral domain with quotient field K . By a 
fractional ideal, we mean a nonzero i?-submodule 1 oi oi K such that dl ^ R for 
some nonzero element d of R and by a proper ideal we mean a nonzero ideal / 
such that ICR. Recall that for a fractional ideal / of R, the w-closure of / is the 
fractional ideal /i, = and the t-closure of / is the ideal It = IJ "^f ; where J 

ranges over the set of all finitely generated subideals of /. A fractional ideal / is 
said to be a w-ideal (or divisorial) (resp. t-ideal, resp. t-invertible) if / = (resp. 
/ = /(, resp. {II^^)t — R), and a domain R is said to be a PVMD (for Priifer 
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ti-multiplication domain) if every nonzero finitely generated ideal is t-invertible 
(equivalently, Rm is a valuation domain for every i-maximal ideal M of R). For 
more details on the v- and i-operations, we refer the reader to [131 section 32]. 
Also it is worth to note that many of our results are inspired from the Priifer case, 
and some proofs are dense and use a lot of technics of the f-operation. We are 
grateful to the huge work on the t-move (from Priifer to PVMD) done during the 
last decades. 

2. Duals of ideals in a PVMD 

We start this section by noticing that for a fractional ideal / of a domain R, 
I^^ = (It)^^ = {Iv)^^, I is t-invertible if and only if It is i-invertible and if /t = R, 
then I^^ — {I : I) = R. In this regard, we will focus on the case where / is a 
proper i-ideal of R. 

Before giving the first main theorem of this section, we begin with the following 
two results on necessary and sufficient conditions for to be a ring. The first 
one is a generalization of Lemma 2.0] (since invertible ideals are <-invertible 
f-ideals) and the second one is a t-analogue of [TSl Proposition 2.2]. 



Lemma 2.1. Let R be a domain and I a t-ideal of R. If I is t-invertible, then 
I^^ is not a ring. 

Proof. Deny, assume that I~^ is a ring. Let M be a i-maximal ideal of R containing 
/. Since / is t-invertible, then II~^ is not contained in any t-maximal ideal of R. 
Hence {II^^)m = Rm- So IRm is an invertible ideal of Rm and hence principal. 
Since / is t-invertible, then / is w-finite. Hence there is a finitely generated ideal A 
of R such that A CI I and I — At = Ay. Since A\s& finitely generated ideal of i?, by 
[25l Lemma 4], {ARm)vi = {AvRm)vi , where vi is the w-operation with respect to 
Rm- So {IRm)~^ = {AvRm)~^ = {ARm)~^ — A~^Rm = {Ay)~^RM = I~^Rm- 
Since l~^ is a ring, {IRm)~^ is also a ring, which contradicts the fact that IRm 
is principal in Rm. □ 

Corollary 2.2. Let I be a t-ideal of a domain R. Then I~^ is a ring if and only 
if I is not t-invertible and {M : I) is a ring for each t-maximal ideal M D I of R. 

Proof. If I~^ is a ring, then / is not t-invertible by Lemma l2.ll By [18|, Proposition 
2.1], (Af : /) is a ring for each t-maximal ideal M containing /. Conversely, if / 
is not t-invertible, then 11^^ C AI for some t-maximal ideal M of R and hence 
/-I = (M : /). So /-I is a ring. □ 

Now, we turn our attention to the duals of ideals in a PVMD. Our approach 
is similar to that one of Huckaba-Papick done in [19] for Priifer domains. Let R 
be a PVMD. We divide Spect{R), that is, the set of all nonzero t-prime ideals of 
R, into three disjoint sets: 
Si={P e Spect{R) : Pist -invertible} 

S2 = {P G Spect{R) : P is a non- 1 -invertible t -maximal ideal and PRp is principal} 
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53 — {P £ Spect{R) : P ^ SiU 82}- Our first main theorem is a generalization of 
Theorem 3.8] to PVMDs. 

Theorem 2.3. Let I be a radical t-ideal of a PVMD R, {Pa} the set of all 

minimal prime ideals of I and assume that f^Pa is irredundant. Then is a 
subring of K if and only if Pa is not t-invertible for each a. 

Proof. (^) If I^^ is a ring, by [TH Proposition 2.1(2)], (Pa)~^ is a ring for each 
a. So, by Lemma [27T| Pa is not t-invertiblc for each a. Whence {Pa} C 6*2 U 53. 

(^) By [m Lemma 4.3], it is enough to prove that I^^ C (ClRpJ n (fl^M^) 
where {Afg} is the set of all ^-maximal ideals of R that do not contain /. Clearly 
/-I C fl-^Af^ (for if X G /-I and a € I\M(3, then x = ^ e Rm,,). Now we 
show that I^^ C P|i?p„. Let Pa be any minimal prime over /. Since Pa is not 
t-invertible. Pa S S'2 U S'3. If Pa G S'2, set J := fl^^^^ ^7- Then / = J n Pa and 
since {^Pa is irredundant, J Pa- But since Pa is a non-i-invertible t-maximal 
ideal of a PVMD R, (J + Pa)* = R and (Pa)"^ = P. 

Claim. Let P be a PVMD and A and B nonzero ideals of R such that {A+B)t = 
R. Then {Ar\B)t = {AB)t. Indeed, by [5g it suffices to check that {A\^B)tRM = 
{AB)tRM for every t-maximal ideal M of R. Let M be a t-maximal ideal of P. 
Since A and B are t-comaximal, then either A<^ M oy B ^ M. Without loss of 
generality, we may assume that A ^ M. Hence, by [201 Lemma 3.3] {A^B)tRM = 
{A n B)Rm = ARm n BRm = Rm n BRm = BRm = ABRm = {AB)tRM, as 
desired. 

Now, by the claim I = J n Pa ^ (J n Pa)t = (^Pa)t- So J-^ = [JPay^ = (P : 
Pa J) = ((P : Pa) : ./) = (P : J) = J-^. But since J ^ Pa, /"^ = ./"^ C Rp^. 
Assume that Pq G S'3 and let iV be a t-niaximal ideal of P properly containing Pa- 
Since / is a radical ideal of P, /Pjv = PuRn- Since Pa Pat is a nonmaximal prime 
ideal of the valuation domain Rn, it is not invertible. Hence C {I^^)ii\n C 
(Pat : IRn) = [Rn ■ PaRn) = Rp^ (HI Corollary 3.6]), as desired. □ 

The following example shows that the irredundancy condition in Theorem 12.31 
cannot be removed. This example is a slight modification of fl8', Example 5.1], 
where the authors constructed an example of a Bezout domain P with a principal 
ideal / (so I^^ is not a ring) such that P^^ is a ring for each minimal prime ideal 
P of /. Our example is just an adjunct of an indeterminate Y to the domain P to 
get outside the Priifer situation but keeping us in the context of PVMDs. 

Example 2.4. Let Q be the filed of rational numbers and set T = Q[{X" : n € Q+}] 
and J = {X — 1)T. By (18, Example 5.1]), T is a Bezout domain, J is a principal 
radical ideal of T (so is not a ring) and P~^ is a ring for each minimal P 
over J in T. Also, by [191 Theorem 3.8], the intersection of the minimal primes 
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of J is not an irredundant intersection. Now let R ~ T[Y], I = J[Y]. Clearly 
i? is a PVMD (which is not Priifer), and / is a radical principal ideal of R (so 
= J~''^[Y] is not a ring). Since J = /nTCQnT = P, itis easy to check 
that every minimal prime ideal Q oi R over / is of the form Q = where P 

is a minimal prime ideal of T over J. Hence Q^^ = P^^[Y] is a ring for each Q. 
Finally / = J[Y] = (p| -P)[i^] = f] P[^] i^^t an irredundant intersection. 

Let T be an overring of an integral domain R. According to fS] , T is said to be 
t-linked over R if for each finitely generated ideal I oi R with = R, we have 
(IT)^^ — T. Also we say that T is t-flat over R if Tm — Rp for each i-maximal 
ideal M of T, where P = R n M (cf. 24J). Finally, we say that Spect{R) is 
Noetherian if R satisfies the a.c.c. condition on the radical t-ideals. 
Our second main theorem generalizes Heinzer-Papick's theorem 16{ Theorem 2.5]. 



Theorem 2.5. Let R be a PVMD with Spect{R) Noetherian, and let I be a t-ideal 
of R. Assume that I^^ is a ring. Then the following conditions are equivalent: 

(i) = (/ : I); 

(ii) / = VT; 

(iii) The minimal prime ideals of I in {I : I) are all t-maximal ideals. 

The proof of this theorem involves several lemmas of independent interest, some 
of them are t-analogues of well-known results. 

Lemma 2.6. Let T be a t-flat overring of a domain R. The following equivalent 
conditions hold: 

(i) It C (IT)t-^ for each I G F{R), where ti is the t-operation w.r. to T . 

(ii) If J is a t-ideal of T and J H R ^ 0, then J C] R is a t-ideal of R. 

(iii) lyT (IT)y-^ for each I € fiR), where vi is the v- operation w.r. to T . 

(iv) {IT)y, = {lyTU for each I e f{R). 

(v) {IT)t, = {ItT)t, for each I G F{R). 

(vi) {IT)y, = {ItT).,, for each I G F{R). 

Proof. The six conditions are equivalent for an arbitrary overring T of i? by [21 
Proposition 1.1 ]. To prove (i) , let x G /<. Then there is a finitely generated ideal J 
of R such that J Q I and x{R : J) C R. Now, let be a t-maximal ideal of T and 
set M = N O R. Since T is i-flat over R, Tn = Rm- Since J is finitely generated, 
x{T : JT)Tn = x{Tm : JTjv) = x(Rm ■ JRm) = x{R : J)Rm C Rm = Tn. Hence 
x(T : JT)CT and so a; G {JT)y, C {IT)t,, as desired. □ 

The next lemma is crucial and it is a generalization of [13l Theorem 26.1]. We 
will often use it whenever we want to prove that an overring T of a PVMD do- 
main R is contained in Rq for some i-prime ideal Q of R. 

Lemma 2.7. Let R be a PVMD and T a t-linked overring of R. Then: 



DUALS AND TRANSFORMS OF IDEALS IN PVMDS 



7 



(i) If M is a t-prime ideal ofT, then Tm = Rp and M = PRp H T, where 
P^Mr\R. 

(ii) If P is a nonzero t-prime ideal of R, then {PT)t^ ^ T if and only if 
Rp D T, where ti is the t-operation w.r. to T . 

(iii) If J is a t-ideal of T and I = J H R, then J — (IT)t-^ . 

(iv) {(PT)tj}pgA is the set of all t-prime ideals of T, where A = {P G 
SpectiR) : {PT)t, ^ T}. 

Proof, (i) Since T is a i-linked overring of a PVMD i?, T is a t-flat overring of R 
(O Proposition 2.10]). Hence Rp = Tm where P ^ M C^ R Theorem 2.6]). 
Therefore M = MTm HT = PRpHT. 

(ii) If {PT)t, ^ T, then there is a i-maximal ideal M of T such that M 3 
{PT)t,. Since M nRD (PT)t, n R D PT n R D P, Rp D Rmhr = Tm D T, as 
desired. 

Conversely, if Rp 1^ T ^ R, then Tp\p = Rp. Hence Rp is t-linked over T. So, 
by Lemma {PT)t^ C [PRp)t^ = PRp C Jip (here t2 is the t-operation w.r. 
to Rp and it is trivial since Rp is valuation). Since Tp\p = Rp is a valuation 
overring of a PVMD T, Jt^Tp\p = JT^^p for each ideal J of T. If (PT)t, = T, 
then Rp = Tp\p = {PT)t,Tp\p = PTp\p = PRp, a contradiction. Therefore 
{PT)t, C T. 

(iii) Clearly (/T)t, C J. It suffices to show that J C {IT)t^. Let {Ma} be the 
set of all ^-maximal ideals of T. Since T is a t-linked overring of i?, T is a PVMD. 
Hence J = f] J^m^. Set Pa — Ma n R for each a and let x G JRm^ — JRPc- 
Then x = f , where a G J and t e i? \ P„. Since J C T C Tm„ ^ Rp^, 
then a = ^ , where b G R and s g R\ Pa. Hence b^asdJCiR — I. So 
X = A g Ji?p^ c {IT)Rp^ = {IT)Tm^. Therefore J C {IT)t,, as desired. 

(iv) By (iii) , each t-prime ideal of T is of the form {PT)t^ for some P e A. 
Conversely, if P g A, then PtRp = PRp is a t-prime ideal of Rp ([20l Lemma 
3.3] and Rp is a valuation domain) and T C Rp (by part(ii)). So Pp — Pr\p and 
then Pp is t-linked over T. Hence PRp n T is a t-prime ideal of T ( Lemma 
and PPp n P = {{{PRp n T) n P)T)t, = (PT)t, by (iii) . □ 



The next lemma is a generalization of ^16, Lemma 2.4] and it relates the fact 
I^^ not being a ring to a kind of "separation property" for a minimal prime ideal 
over a t-ideal of a PVMD. 

Lemma 2.8. Let R be a PVMD, I a t-ideal of R and P a minimal prime ideal 
over I in R. If there is a finitely generated ideal J of R such that I ^ J ^ P , then 
I~^ is not a ring. 
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Proof. By the way of contradiction, assume that / ^ is a ring. Then by |181 
Theorem 4.5] and [211 Theorem 2.22], J-^ C Rp and I-^ is a t-hnked overrine of 
R. So Rp is t-hnked over I'^. Since J-^ C R = {JJ~^)t C {JI-'^)t^ where 
tl is the t-operation w.r. to /^^ (Lemma 12. 6p . Also by Lemma [2.6[ {PI~^)ti C 
{PRp)t2 — PRp (where t2 is the t-operation w.r. to Rp, so it is trivial). Therefore 
1 e i? = {JJ^^)t C (J/"^)ti C (P/~^)ti C PRp, which is a contradiction. □ 



Lemma 2.9. ( 21, Lemma 2.6]) Let R he a PVMD and I a t-ideal of R. Then I 
is a t-ideal of {1:1). 

Lemma 2.10. ( 7j Lemma 3.7)] Let R be an integral domain. The following 
conditions are equivalent. 

(i) Each t-prime ideal is the radical of a v-finite ideal. 

(ii) Each radical t-ideal is the radical of a v-finite ideal. 

(iii) Spect{R) is Noetherian. 

Proof of Theorem 2.5 {ii) ^ {i) Follows from [TJ Proposition 3.3] without any 
more conditions. 

(i) ^ {ii) Deny, assume that / C -^7. Then there is a t-maximal ideal M of R 
such that IRm is not a radical ideal. Moreover, there is a prime ideal P contained 
in M and minimal over / with LRm ^ PRm and \/TRm — PRm- Note that P is 
a t-prime ideal of R (as a minimal prime over a t-ideal). 

Claim 1. LRp = PRp. 

Deny. Let 6 € P such that LRp C bRp C PRp. Since Spect{R) is Noether- 
ian, P = \J (ai, ar)ru for some ai,...,ar G P. Set J := (oi, a^, &). Note 
that P = a/X" {P = \/ (fli, a.r)v C -^Z (ai, Or, 6)i, C P). Now, we prove that 
L C J C P, which contradicts the assumption that /^^ is a ring by Lemma [2.81 
Let be a t-maximal ideal of R. If P ^ N, then Rn = PRn — \/JvRn = 
y/JtRN = VJRn (the last equality holds since N is t-prime, [201 Lemma 3.3]). 
Hence JRn — Rn 3 /Pat. Assume that P C N. Then PPp = PPat since Rp 
is an overring of the valuation domain Rn. Since LRp C bRp, b~^L C Rp and so 
b~^L C PRp — PRn ^ Rn- Hence LRn C ^Pat C JRn as desired. 
Now since P^/ is a valuation domain, Z{Rm, LRm) = QRm for some t-prime ideal 
Q C M. Since P is a PVMD and P and Q are t-primes under the t-maximal 
ideal M, Q and P are comparable under inclusion. Moreover, let x G PRm \ IRm- 
Since PRm = PRp = LRp (Claim 1), there exists y G R \ P such that yx £ L. 
Hence y G Z{Rm, LRm) r\R = Q and therefore P ^ Q. 



Claim 2. (Q/-i)ti = /-^ 
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Note that / ^ = (/:/) is a subintersection of R ( \18\ Theorem 4.5]) and 
so I^^ is t-hnked over R ([22l Theorem 2.22]). Since Spect{R) is Noetherian, 

n—7n 

Q = \fA^ for some finitely generated ideal A of R. Say A = b^R- Since 

n=l 

P ^ Q, P ^ A^. Indeed, let be a i- maximal ideal of R. If Q ^ N, 
then PRn Q Rn = QRn = ARn- If Q C TV, then ARn and PRn are 
comparable as ideals of the valuation domain R]\[. But if ARn C PR^^, then 
QRi^ — y^AyRN = \J At Rn = \/ ARm C PRn and so Q which is ab- 

surd. Hence PRn ^ ARn and therefore P ^ At — A^. Now since I Q P Ay, 
A-^ C J-i. So 1 e i? = {AA-^)t C (^/-i)t C (A/-i)t, C (Q/-^)*! (LemmalSH). 
Hence {QI~^)ti = I^^, as desired. 

Finally, by Lemma [2Jl ^ i?Q. On the other hand (/ : /) C (/ : I)Rm C 
{IRm ■ IRm) — {Rm)qrm — by [11, Lemma 3.1.9], which is absurd. It follows 
that / is a radical ideal of R. 

[Hi) (m) Assume that all minimal prime ideals of / in (/ : /) are t-maximal 
ideals. If / C Vl, as in the proof of [i) =4> (m), there exist two f-prime ideals P 
and Q of i? such that / C P g g and (/ : /) C Rq. Then (/ : I)r\q = Rq and 
so Rq is i-linked over (1:1). Hence QRq {I : I) and PRq {I : I) are t-prime 
ideals of (/ : /) with / C PRq n (/ : /) g QRq n (I : I) which is absurd. 

(i) (iii) Assume that = {I : I) and let P be a minimal prime of (/ : /) 
over I. By Lemma 12.91 / is a i-ideal of (/ : /) and so P is a t-prime ideal of 
(/ : /) (as a minimal prime over a i-ideal). Now by a way of contradiction, assume 
that there is a t-prime ideal Q oi {I : I) such that P ^ Q. Since (/ : /) is a 
i-linked overring of R, P — {P'{I : I))ti and Q — {Q'{I : I))ti for some t-prime 
ideals P' and Q' of R with I 'Z P' C Q' (Lemma ET^iv)). Set Q' = VJ for some 
finitely generated ideal A of R. As in the proof of Claim 2, / C P' C At. So 
C J-i = (/ : /). Hence 1 G P = (AA"!)* C {A{I : I))t, C (Q'(/ : I))t^ = Q, 
which is absurd. It follows that P is a t-maximal ideal of (/ : /), completing the 
proof. □ 

The next two results deal with the duals of primary i- ideals in a PVMD. 

Proposition 2.11. (cf. [101 Lemma 4.4]) Let R he a PVMD and I a primary 
t'ideal of R. If I^^ is a ring, then I^^ = (/ : /). 

Proof. Deny, assume that there is x G : /). Since / is a i-ideal of R, 

there is a e / and a maximal ideal AI of R such that xa ^ IRm. Since I~^ = 
iCl^Pc) n iClRMp) ([m Theorem 4.5]), x e Rm^ for each /3 and hence / CM. 
Therefore there is a minimal prime I Pa M. Thus x £ Rp^ . Write x = ^ 
where b £ R and s S R\Pa. If t = f e Rm, then s = ta e PRm Ci R^ P, which 
is a contradiction. If f G Rm, since / is a primary ideal of R, ax ^ = b^ £ 
IRPa ^Pm = IRm, which is a contradiction too. It follows that I^^ = (/:/). □ 
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Corollary 2.12. (cf. [HI Proposition 3.1.14]) Let R he a PVMD with Spect{R) 
Noetherian and I a t-ideal of R. If I is a primary ideal which is not prime, then 
I^^ is not a ring . 

Proof. Deny, assume that is a ring. Then = (/:/) by Proposition 12.111 
Therefore / is a radical ideal (and so prime) by Theorem l2.51 which is absurd. □ 



According to [131 Section 27], a Priier domain R is called a QR-domain if each 
overring of i? is a quotient ring of R. In the authors defined tQR-domains 
as PVMDs R such that each i-linked overring of i? is a quotient ring of R and 
they characterized fQR-domains as follows: "Lei R be a PVMD. Then R is a 
tQR-domain if and only if for each f.g. ideal A of R, there is n > 1 and b £ R 
such that CbRC Ay" [51 Theorem 1.3]. 

We close this section with a third main theorem. It generalizes a well-known results 
by Fontana et al. [HI CorroUary 4.4 and Theorem 4.11] and gives a description of 
(/ : /) for a i-ideal / in a PVMD that is a iQR-domain. 

Theorem 2.13. Let I be a t-ideal of a PVMD R, {Qa} be the set of all maximal 
prime ideals of Z{R,I) and {Mp} be the set of t-maximal ideals of R that do not 
contain I . Then: 

(i) (/:/)3 (nfiQjn(n^M,); 

(ii) If R is a tQR-domain then the equality holds. 
Before proving this theorem, we need the following lemma. 



Lemma 2.14. Let I be a t-ideal of a PVMD R and let {Qa} be the set of all 

prime ideals of Z{R, I). Then Qa is a t-prime ideal for each a. 

Proof. First we claim that Z{R,I) = (J Z{Rm,IRm) H R. Indeed, let 

AfeA/t(-R.,/) 

X G Z{R, I). Then there is a G R\I such that ax e /. Since / is a t-ideal, there 
is a i-maximal ideal I C M of R such that a G Rm\IRm and ax € IRm- Hence 
X e Z{Rm,IRm) n R. Conversely, let M S Maxt{R,I). Since Rm is a valuation 
domain, there is a t-prime ideal Q (- M such that Z{Rm,IRm) = QRm- Now 
we prove that Q C Z{R,I). Let z G Q. Then z € QRm and hence there is 
f e Rm\IRm such that ^ G IRm with c € R\I and t G R\M. This implies that 
szc e / for some s S R\M. If cs e I, then c = ^ G IRm- Thus | e IRm, a 
contradiction. Then cs ^ I and then z G Z{R,I). Therefore Z{Rm,IRm) H i? = 
QRm n R ^ Q C Z{R,I). Finally Q's are t-prime ideals oi R Corollary 
2.47]). □ 

Proof of Theorem 2.13. (i) Let u G (f] Rgjn (fl Rmh) and a G /. It is enough 
to prove that ua G /. Since u G p|i?M^, it suffices to show that ua G i?Ar^ for 
each 7, where {N^} be the set of t-maximal ideals of R containing I. By [T3l 
Corollary 4.6], Pl-^Qc = RR\uQa,- Write u = ^, where r £ R and s G i? \ UQq.. 
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Fix 7 and choose ai such that / C Q^^ C N-y. We claim that j G Rn^- For if 
not, then - i G Rn and thus s — at £ QuiRn R — Qan a contradiction. 
If ua ^ IRn^; then ua r(|) = |, where c £ R \ I and b G R \ N^. Hence 
sc = rah G /. Thus s G UQq., a contradiction. Therefore wa G IRn^, as desired. 

(ii) Set T := (/ : /). Clearly T C fl-Rji/a- Now we will prove that T C 
C\Rq^- By Lemma 12.7( 11). it suffices to show that {QaT)t^ ^ T for each a. 
Since i? is a PVMD and / is a t-ideal, T is i-linked over R . Hence T — Rs 
for some multiplicative closed set S of R since i? is a t(5i?-domain. By the way 
of contradiction, assume that {QT)t^ = T where Q — Qa for some a. Then 
there exists a finitely generated ideal B such that = T and B C QT. Say 

i—r s—mi 

B = a„T with a, G QT and write ai = Qistis with G Q and ti^ G T for 

1 = 1 s = l 

each z = 1, . . . , n and s — 1, . . . , m^. Now let A be the finitely generated ideal of 
R generated by all q'^^s. Then ^ C Q and B C AT. Hence T ^ B^^ C iAT)^^ C 
{AyT)y^ C T and therefore {AT)y^ = {AyT)y^ = T. Since i? is a i(3i?-domain and 
T is ^hnked over R, by Proposition 2.17], A„T = T. But since ^„ = At C Q 

i—n 

(here Q is a t-prime ideal by Lemma [2.14p . QT — T. Hence 1 — ^^^^qiai where 

i — 7l 

Qi G Q and a, G T. Set J = ^ q^R. Clearly JT ^ T and by induction = T 

i=l 

for all positive integer s. Since i? is a tQiJ-domain, there is a positive integer N 

i=s 

and d G i? such that Q dR Q Jy ^ Jt <Z Q. Since J^T = T, then 1 = ^ A-^yj 

j=i 

where Ai G and yi G T, and since C di?, there exists /i; G i? such that 
Ai = djjLi for each i. Now, since d G Q C Z{R,I), there exists r E R \ I such 



that re? G /. Hence r ~ f Aij/i = rdyifii G /T = /, a contradiction. Hence 

i=l 1=1 

{QT)ti ^ T and by Lemma [^771 T C i?Q, completing the proof. □ 

3. Ideal Transform overrings of a PVMD 

We start this section with the following theorem which is a generalization of 
[TTl Theorem 3.2.5]. As the proof is similar to that one of [TTJ Theorem 3.2.5] 
simply by replacing maximal ideals by i-maximal ideals, we remove it here. 

Theorem 3.1. Let R he a PVMD, I a t-ideal of R, {Pa} the set of minimal 
prime ideals of I, and {M/}} the set of t-maximal ideals of R that do not contain 
I. Then: 

(i) T{I) C (Pl-fi^Qa) 1^ iC\RMfi), where Qp is the unique prime ideal deter- 
mined by Pli^i ^"^^Pc, ! 

(ii) The equality holds, if I has a finitely many minimal primes. 
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Our next theorem generalizes 11, Theorem 3.3.7] to PVMDs. 

Theorem 3.2. Let P be a non-t-invertible t-prime ideal of a PVMD R. Then 
there is no proper overring of R between P^^ and ^{P). 

The proof of this theorem involves the following lemmas. 

Lemma 3.3. Let R be a PVMD, I a t-ideal of R and let T be a t-linked overring 
of R contained in ^{I)- Then there is a one-to-one correspondence between the 
sets Si = {Pe SpectiR) ■ P ^ 1} and 5*2 = {Q G Spect{T) -.Q-^IT}. 

Proof. Define 4' : S*! S'2 by *(P) = PRp n T = Q for each P Si. Then * is 
well-defined. Indeed, let P G Si. Since T C T C Rp. So T^yp = Rp and 

then i?p is a t-linked overring of T. Hence PRp n T is a t-prime of T. Also, if 
X G I \ P, then x G IT \ Q and the injectivity of ^E* is clear. 

Now, let Q e S2 and set P := RnQ. Then P ^ I, and since Rp = Tq, 
PRp = QTq. Hence *(P) = PRp nT = QTq nT = Q. □ 



Lemma 3.4. Under the same notation as Lemma \3.3[ if {IT)t-^ = T , then 
T = n{L). 

Proof. Assume that {IT)t-^ = T. Then IT is not contained in any t-prime ideal 
of T. Since i? is a PVMD and T is a t-hnked overring of i?, T is a PVMD. By 
Lemma|33lT== Q Tq = f] Rp ^ fl{I). Hence T = fl{I). □ 

Q€SpectiT) P£Spect{R),P^I 

Proof of Theorem 3.2. Let T be an overring of R such that P^^ ^ T C n{P) 
and let {M^} be the set of all t-maximal ideals of R that do not contain P. 
By HH Theorem 3.2.2], T C n{P) C f]RM,,. If (PT)*, ^ T, then T C Rp 

(Lemma 0;ii)). So P-^ T C Rp n (PI-Rm^) = (.17, Proposition 1.2]), 
which is a contradiction. Hence {PT)t^ = T, and so T = Q.{P) by Lemma □ 

Corollary 3.5. (cf. [TTl Corollary 3.3.8]) Let P be a non t-invertible t-prime ideal 
of a PVMD R. Then: 

(i) P-I = T{P) or T{P) = n{P); 

(ii) IfP^ {P^)t, then T{P) = 0(P); 

(iii) IfP= {P^)t, then P-I = r(P); 

(iv) IfP is unbranched, then p-^ = T(P) = n{P). 

Proof, (i) Follows from Theorem 13.21 

(ii) If P ^ (P2)t, then there is a prime ideal Q of P such that f]{P"')tRp = 
QRp. Note that P ^ Q (otherwise, if P = Q, then PPp = QPp. But QRp C 
{P^)tRp = P^Rp g PRp, a contradiction). Hence r(P) ^ Rq (fl^A/^) 2 
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r2(P), where {M^} is the set of all t-maximal ideals of R that do not contain /. 
Since T{P) C n{P), T{P) = n[P). 

(iii) If P = {P'^)t, then P = for each n > 1. Hence {R : P") = [R : 
(P")t) = {R : P). So r(P) = P-I by the definition of T(P). 

(iv) Since P is unbranched and (P^)f is a P-primary (17, Proposition 1.3]), 
P = (P2)f. Hence r(P) = p-^ by (iii) . It is clear that f7(P) D r(P). By [i 
Proposition 1.2], P = IJ P-y where {P-y} is the set of primes ideal of R properly 
contained in P, and we may assume that they are maximal with this property. 
Then by [131 Corollary 4.6], Rp = fl^P-,- Hence by dH Theorem 3.2.2], f7(P) C 
Rp. Since Vl{P) C ^Rm^, ^\p) ^ Rp Q fl -Ra/^ n Pp. It follows that ^{P) C 
p-i = r(P). Therefore r(P) = n{P). □ 

Om' last theorem generalizes [H] Theorem 3.3.10]. 



Theorem 3.6. Let R he a PVMD and P a t-prime ideal of R. Then: 

(1) T(P) C 17(p) j/ and on/y )i/T(P) = Pp n n{P) and n{P) ^ Pp. 

(2) The following conditions are equivalent: 

(i) (Pf2(P))t, = f^(P); 

(ii) n{P) ^ Rp; 

(iii) P^ ^ for some t-invertible ideal. 

The proof of this theorem involves the following lemmas. First we notice that in 
|13j . Gilmer mentioned that IT{I) — T{I) for any invertible ideal / of an arbitrary 
domain P. Our first lemma provides a t-analogue result in the class of PVMDs. 
Note that one can replace the condition ^^PVMD" on R by assuming that T{I) is 
a t-Hat overring of P. 

Lemma 3.7. Let L be an ideal of a domain R. 

(i) // / is t-invertible and R is a PVMD, then {LT{L))t-^ — T{L) where ti is the 
t-operation w.r. to T{L). 

(ii) /// and J are two ideals of a domain R such that \[l — ^fj , then ^1{L) = fl{J). 

Proof, (i) Since / is i-invertible, then there is a finitely generated ideal yl of P 
such that AC Lt and At = Then T{I) = T{Lt) = T{At) = T{A) = and 
hence T{I) is a t-linked overring of R. Since / is t-invertible, then {LI~^)t = R and 
hence (/(P : /"))t = (P : /""i) for each n>2. Since /(P : /") C (/(P : I''))T{I) 
for each n, then (/(P : P'))f C {LT{L))t^ for each n ( LemmaES]). Hence [j{L{R : 
n)t C ((/(P : /"))T(/)),, = (/r(/))t,. So T(/) = [j{L{R : /")), C (/T(/)),, C 
r(J) and therefore {LT)t^ = P, as desired. 

(ii) Straightforward via 11, Theorem 3.2.2]. □ 
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Lemma 3.8. (cf. [131 Proposition 25.4]) Let R be a PVMD and Ai, An, B, C e 

Ft{R). Then: 

(1) If for each i, Ai is t-finite, then HILi t-finite. 

(2) IfB IS t-fimte, then [C : B) ^ {CB-^)t. 

(3) If B and C are t-finite, then (C :_r B) is t-finite. 

Proof. (1) It suffices to prove it for n = 2. We have {{Ai n ^2)(^i + ^2))* = 
(Ai^2)t ( [HI Theorem 5]). Since Ai and A2 are t-invertible, A1A2 is i-invertible 
and therefore Ai n A2 is t-invertible and so t-finite. 

(2) If x e (i? : -B)C, then x ~ ^i*^* where hiB C i? and q e C. Hence 
= c^hB CRCCC. So (i? : B)C C (C : S). Therefore ((i? : B)C)t C (C : 

S)t (C : B). Conversely, we have B{C : B) C C. Then (C : B) = (C : B)t = 
((C : B)BB-^)t C (CB-i)t. 

(3) By definition, (C B) = (C B)t = ((C : B)f^R)t = {{CB-^)tn R)t. Since 
C and B are i-finite, {CB~^)t is i-finite. So by (1), (C i^, B) is t-finite. □ 



Proof of Theorem 3.6 (1) Assume that T{P) C n{P). Then P is a non-t- 
invertible t-prime ideal of R (otherwise, if P is t-invertible, then P is t-finite, i.e. 
there is a finitely generated ideal ^ of i? such that P = At. Hence fl{P) = ^{At) = 
n{A) = T{A) = T{At) = T{P), a contradiction). Since T(P) is a subintersection 
of a PVMD R, it is t-hnked over R ([22l Theorem 2.22]), and so t-fiat over R 
([21 Theorem 2.10]). By Theorem [221 P'^ T(P). Hence r(P) = Rp n n{P) 
by [m Proposition 1.1] and [TT, Theorem 3.2.2]. Therefore Vl{P) <^ Rp. 
The converse is trivial. 

(2) {Hi) =^ (i) Since P = ^J1^ n{P) = n{I) by Lemma jSJlJii) . Since / is t- 
invertible, by Lemma ISJl {IT{I))t^ = T[I). Also since / is t-invertible, there 
is a finitely generated ideal A oi R such that AC/ and It — At. Hence 
T{I) = T{It) = T{At) = T{A) = n{A) - n{At) - ftih) = n{I) by [9, Proposi- 
tion 3.4]. So n{p) = ii{i) = im{i))t, c {pn{i))t, = ipn{p))t, c n{p). 

(i) ^ [ii) By [III Theorem 3.2.2] and [1 Proposition 4], n{P) is a t-linked 
overring of R. Since n{P) ^ Rp, (P17(P))t, = n{P) by LemmaHT^u). 

{ii) =J> {Hi) Let {Qa} be the set of all t-prime ideals of R that do not contain 
P. Choose X e n{P) \ Rp. Write a; = f where a,b e R. If / = (6P aP), then 
^ Qa for each a and I P. By Lemma l3^ / is t-finite and V7 = P. For this 
if z ^ VJ, then z" ^ A^ for each finitely generated ideal A of P such that A C I. 
Hence z"ab^^ ^ R for each n. Since ab~^ e ^{P)i z ^ P. 

Corollary 3.9. (cf. [Ul Corollary 3.3.11]) Let R be a PVMD and P a non-t- 
maximal t-prime ideal of R. Then T{P) C fl{P) if and only if P — {P'^)t and 
P = Vl for some t-invertible ideal I of R 
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Proof. Since T{P) g 17(P), P ^ {P^)t (Corollary [33i;ii)) and n{P) ^ Rp 
(Theorem 13. 6p . Hence there is a t-invertible ideal of R satisfies P = VT (Theo- 
rem |321)- 

^) P = {P^)t implies that P-^ = T{P) by Corollary [S3)^iii). Since P = ^/I 
for some t-invertible ideal / of i?, n{P) ^ Rp by Theorem [SH By [18, Theorem 
4.5] P^^ — Rp n (n^A/,3), where {Mp} is the set of all i-maximal ideals of R 
that do not containP. By [H Theorem 3.2.2], T{P) = p-^ = Rp D n{P). By 
Theorem laH T(P) gn{P) □ 



Corollary 3.10. (cf. [HI Corollary 3.3.12]) Let R be a PVMD and P a non-t- 
invertible t-prime ideal of R. Then: 

{PT{P))t, T{P) and {Pn{P))t^ = n{P) if and only if p-^ = r(P) C 
where ti (resp. 12) is the t-operation w.r. to T{I) (resp. 

Proof. If {PT{P))t, ^ T{P) and {Pn{P))t^ = n{P), then clearly T(P) C Q(p), 
Hence p-^ = T(P) by Theorem [3Jl Conversely, if P-^ = T(P) C n{P), then 
{PT{P))t, ^ T{P) by Lemma[331 Moreover P = \/7 for some t-invertible ideal / 
of R by Corollary EH Therefore (Pl](P))t, = f7(P) by Theorem EH □ 
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